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Solution to Assignment 11
Supplementary Problems

1. Let a,b € R™. Establish Lagrange identity

> (aibj—ab)’ = |al’[b] — (a-b)* .

1<i<j<n

Solution. We toy with indices.

§ : 2 2
(aibj — ajbi) = (aibj — ajbi)
1<i<j<n 1<i<j<n
1
= 35 (aibj — a;b;)
1<i,j<n
— 2p2 beasb.
= E asb; — E aibja;b;
1<i,j<n 1<i,j<n

= |aP’b* —(a-b)*.
An immediate consequence is the sharp Cauchy-Schwarz inequality:
|a-b| < alb|

and the equality sign holds if and only if the following two cases: (a) one of the vectors is
the zero vector, or (b) a and b are proportional.

2. Deduce from (1) the identity
|a x b| = |a||b|sin ,

where 6 is the angle between 3-vectors a and b.

Solution. Taking n =3 in (1), we have
laxb]> = [|a*b* — (a-b)?
= |a]*)/b]*(1 —cos?6) , 6€]0,n]
lal?[b|?|sin 0] ,
and the desired result comes from taking square root.

3. A regular parametrization r from the square [0,1]% to S C R? is called a tube if (a) it is
bijective on (0,1)? and (b) r((0,%)) = r((1,y)), v € [0,1]. Show that for any irrotational

C'-vector field F,
7{ F-dr:f F. dr,
Cl CQ

where C} : z — r(z,0) and Cy : z +— r(z,1) for x € [0, 1].

Solution. Let C be the curve t — r(¢,0),71 be t — r(1,¢), C2 be t — r(¢,1), and 2 be
t— r(0,t), t € [0,1], so that the boundary of the surface is given by C' = Cy +7; —Cy — 0.
By Stokes’ theorem and the assumption that V x F = 0, we have

%F-dr://VxF-ndUZO.
C S

Since the line integrals over v; and 2 cancel out.
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4. (Optional) Let r : D — S be a regular parametrization of S so that r, x r, is the
chosen normal direction of S. Let (t) be a parametrization of the boundary of D in
anticlockwise direction. Show that the curve r(vy(¢)) described the boundary of S in the
orientation induced by the chosen normal of S.

Solution. Let v(t),t € [a,b], be a parametrization of the boundary of D in anticlockwise
direction. Then r(vy(t)) is a parametrization of the boundary of S. We want to show the
direction of r(v(t)) is the same as the chosen orientation of S.

Recall that the orientation of S is described by r, x r,, which should be a positive multiple
of n. The tangent of the boundary curve is a positive multiple of

= %r('y(t)) = vt/ (t) + 1,0 (t) .

It suffices to show that w x b is a positive multiple of r, X r,.

Let’s move a horizontal line from —oco up until it hits the boundary of D at first time. Let
(z0,y0) = v(to) be the touch point. At this point we have 7/(t9) = (a,0),a > 0. Then at
the point p = r(y(to)), the tangent

t = a(r ' (to) + 1,0 (tg)) = aar,,

for some o > 0. Next, consider the line segment ¢t — (z9,yo + t) which lies inside D for
d
small ¢ > 0. It follows that r(zg,yo + t) lies on S. Therefore, gr(xo,yo +1t) = ry(p) is

a tangent vector at p pointing toward S. Hence it can be written as b + 3t for some
B >0. From t x r, =t x (8b + 't) = St x b, we see that

1
txb:B_ltxrv:—ruxrv,
aaf

which is a positive multiple of n.

We have shown that at the point p on the boundary, the orientation induced by ~ coincides
with the orientation induced by r. By continuity, it must coincide at all other points.



Exercises

Using Stokes’ Theorem to Find Line Integrals
In Exercises 1-6, use the surface integral in Stokes’ Theorem to calcu-
late the circulation of the field F around the curve C in the indicated
direction.
6. F=x>i+j+zk
C: The intersection of the cylinder x> + y?> = 4 and the hemisphere
x> + y2 + 72 = 16, z = 0, counterclockwise when viewed from
above

Stokes’ Theorem for Parametrized Surfaces

In Exercises 13—18, use the surface integral in Stokes’ Theorem to
calculate the flux of the curl of the field F across the surface S in the
direction of the outward unit normal n.

15. F = x%i + 2y’zj + 3zk

S: r(r,0) = (rcos0)i + (rsin0)j + rk,
O=r=1, 0=60=27

Theory and Examples

25. Find a vector field with twice-differentiable components whose
curl is xi + yj + zKk or prove that no such field exists.
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Q 15 E(x,y,z) = XZ)’ T+ 2732 T+ BZT:.
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Q25 Prve 177 coritradiction * gu]v]mc on the coritrary,
there exists Flxy,a) = Plxy, 233 + Qbay, 25 + Rbxy, 2}
such thit  corl T = XT+Y5+2k then
divicw F) = 2(Ry-0x)+ 55 (R« tR) t 5 (Q-PN=0
On the other hend . div (X7 + Y5+ 2k )= 5200+ ay(y) Zl==1++[=3
This is @ contradiction. Tharefove  thore oaes not exist Fixy, )

= > ~ =
such thet ool T = X2+ Y5+ 2,



